Next we prove generalizations of Theorems 2.2 and 2.3 and Corollaries
2.2.1 and 2.3.1. These generalizations respectively are Theorems 2.4 and 2.5
and Corollaries 2.4.1 and 2.5.1. Theoerm 2.4 states that

Det(y * I19, 3 * £9)*
if L(Oﬁ#;“)[#ﬂ \:“7“## exists for every real r,” and Theorem 2.5 states that
Det(y = 117, 8 x £9)%
follows from the existence of 03TD#341 The proof of Theorems 2.4 and 2.5
and Corollaries 2.4.1 and 2.5.1 is by induction on 3. Theorems 2.2 and 2.3 and
Corollaries 2.2.1 and 2.3.1 are these results for § = 1 and therefore constitute
the Base Step for our inductive proof (with respect to (3). We assume the
following in the proofs of Theorems 2.4 and 2.5:
Induction Hypothesis. Assume $#. ,(0) exists. Then every (y*IIY, (8 —
1) «I19)% game has a w.s. in L(3#!,,(0)). Further suppose
By,By_1,By_2,...,B1 €I1Y,C;,C4,Cs, ...,Cs_1 € 29 ,(As|a < w?), and m € w
witness that A is (y * I17, (6 — 1) * X9)%. Let s35_; be a w.s. for the GJ;_,
auxiliary game determined by
B,,By_1,By_2,...,B1,C1,Cs,Cs,...,Cs_1,(As|a < w?), and m.
(See Theorem 2.5 for the definition of G2,8 ;-) Then A has a w.s. s €
L(B#241(0)) and s is a w.s. of the player for whom s}, , is a w.s.
Now we prove the most general results of this paper:

Theorem 2.4. If L(Oﬁ#iﬂ)[#}y] \:“r#i exists for every real r,” then
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Det(y x ITY, 3 * £9)*.

Proof: Assume L(0° #}Y“)[#}y] “r#5 exists for every real r.” Let
B,,By_1,By_2,...B; €I}, C1,C5,C5,...,Cg € XY, and (A, | a < w?)
strongly witness A € (y*I19, 3 X9)*. Wlog C; CC, C(C5C ... C Cps. Then

for 1 <i< fand 1< j <4, there exist R¢, and Rp, in AY such that

i.) Bj(z,n) « VkRp,(z(k),n);

ii.) Ci(z,n) < JkRc, (Z(k),n);

iii.) if ~Rp,(Z(k),n) and Yk’ < kRp, (Z(k"),n), then k is odd; and

iv.) if Re,(Z(k),n) and V&K' < k—R¢,(Z(k'),n), then k is odd.
We show that G4 has a w.s. s. Conditions (iii) and (iv) help to simplify the
proof.

We describe an open game Gy, which has a w.s. s5; € L(Oﬁ##ﬂ)[#ﬂ.

We integrate s3; to get the w.s. s € L(Oﬁ#iﬂ)[##] for G4. The game G4
combines the Borel auxiliary moves @; and (g;, ¢;) (for 1 < i < f3) of the game
G%B (i.e. of the game G?” described in Section One) with the moves of G7.

The initial moves of G;ﬁ are (8 Borel auxiliary moves @; and (q;, g;):

Gy, 1 Wes Qp-1 Qp—2 . .
26 11 (4p,a5) (dp—1,95-1) (4—2,95—2) (41,q1)

Each pair Q; and (g;,q;) is determined by the X9 set {m € w|InR¢,(m,n)}
and the game G 4. Furthermore, player I may only play Q; € L(Oﬁ#iﬂ)[#ﬂ
(and in certain cases, we have stricter requirements for which @); may be
played).
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Let Q = (QilG; = 1) and ¢ = (g;]¢; = 0). Whenever
(Qg; (48, 48); Qa—1; (4a—1,43-1); Qp—2; (Gp—2,qa—2); --; Qi3 (Gi» 4s))
is a legal position in G;ﬁ, IT must play so that
v.) 1<i<j<Pand g =1= ¢ =1
We do not allow II to play ¢; = 0 if 7 < j and ¢; = 1 since C; C C;. The
moves of Ggﬁ remaining after II plays (¢, q1) are the moves of
G1(G; D
Therefore, G;ﬁ contains a sequence
(T (i, )k € w & Wi < & 2 = 0)
of Borel auxiliary moves, which is related to the I1? set By via Rp,. In general,
if 1 <40 <~ and Ggﬁ contains a sequence
(T3 (F, )k € w & Vj <k # = 0)
such that some f};(i) = 1 whenever 1 < ¢ < J, then Ggﬁ contains a sequence
(T8 (B, 80k € w & Vi < k £ = 0)
of Borel auxiliary moves, which is related to the II§ set Bs via Rp,. Let

Ts=(T'1<j<6&t!=1),t;=E1<j<é &t =0),

l

T+

T =

~

Y, and t = t..

Therefore, whenever (ti;(j),t‘;(jﬁ =(1,—) for 1 < j <4,
Ty = (T} 1 <j<d)and fs = (|1 <j <& 0<i<k(j).
Now we describe the game G, for the two cases ¢g = 1 and §g = 0

seperately:
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Case 1. II plays ¢z = 0 in Ggﬁ: III Q?o,cm) C

Player I must play Qs_1 € L(O('B_l)#iﬂ)[#%]. In general, if player II plays
¢; = 0 for each j > ¢, then player I must play Q; € L(Oi#’lﬁl)[#}y]. Let p be
least such that ¢, = 0. Then by (v), II must play so that ¢; = 1 iff j < p.

For j < p, I must play Q; € L(O(“_l)#iﬂ)[#,ly]. Furthermore,

—

Q=(Q;|1 <j<p)and = (glp <j<0).
After II plays (g1, q1), the remaining moves of G35 are the moves of G?(@; 7).

Whenever II plays fi;( =1 for j <4 and f“;“ = 0 for all j € w, the play

J)
of Ggﬁ is
Gy, 1 Qs Qp-1 Qp—2
26 11 (0,q3) (ds—1.98—1) (dp—2,98—2)

Q1 Ty z(0),A) T x(2),A3
(41,91) <0,té> :c(l),)\(lj (0,t}) x(3),>\g

0
. Tkl(l)—l a:(2/~c(1)—2),>\2k(1)_2 Tli(l)

(Othy_y) @(2R()=1)X5, (1,-)
T2 x(2k(1)),\g T? x(2k(1)+2),\3 o
(0,63) =(2k(1)+1),A7 (0,t3)  x(2k(1)+3),A3
TP (5)—1 x(2k(1)~--+2k(5)—2),Ag;(lé)_Q TS s)
(0,9 )y @ (2k(1)+-42k(5)—1),A5; (1,-)

Wk (8)—1
T2t @ (2k(1)+---42k(8)),A5 T+t x(2k(1)+---+2k(5)+2),A5
(0,271 z(2k(1)+-+2k(6)+1),A (0,65F1)  z(2k(1)+-+2k(5)+3),A3
T+t z(2k(1)+---+2k(8)+2i),\3,
0,671) @(2k(1)4+-+2k(8)+2i+1),A3,

Whenever fi(d) =1 for 1 <§ <1, the play of G3 is

2k(8)—1

eal I Qs QBA—I QBA—z
26 1I (0,9p) (48—1,98—1) (4—2,938—2)
. @ Ty =0y TF O x(2),A5
<dlaq1> <Oaté> x(l)’)‘? <O?t%> 33(3),)\%
Tkl(l)—l x(2k(1)—2),)\gk(1)_2 Tkl(l)

<07t;1€(1)_1> x(2k(1)_1)5>‘gk(1)_1 <17_>
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T3 x(2k(1)),\ T} x(2k(1)+2),\3
(0,82) x(2k(1)+1),A1 (0,t2)  x(2k(1)+3),A}

Tooy—r  2(2R(1)+2k(6) =2 A0 T3,
(0,82 5)_1) a:(2k(1)+---+2k(5)—1),>\g;(15)_1 (1,-)

Tt x(2k(1)+---42k(8)),A5 Tt x(2k(1)4-42k(8)+2),)5 o
(0,071 2(2k(1)+-+2k(8)+1),A] (0,651 2(2k(1)+-+2k(6)+3),A3

—1
Ti-a - #EHUF 42RO =225, T
<Oatz(,y)_1> $(2k(1)+'"+2k(7)_1)’)‘;k_(.y)_1 <17_>

o(2k(1)+-+2k(7)),60  =(2k(1)+---+2k(7)+2),82 o
(2k(1)+-42k(y)+1),61 x(2k(1)+--42k(7)+3),£3

Player I may only play T} € L(Q)[##] If f‘]i(j) =1 for j < 6, then fj =
(Té(i)\i < j) for j < & and player I may only play T € L(Q, f5—1)[#§+1—5]~
Let k(0) be least such that

Re, (g, k(0)) and ¥j < k(0)~Re, (g, ).
Any \0’s played must be properly ordered with respect to
(Aala < w - (k(0) + 1) using {w=T @i < k(o).
(Notice L(#%H(Q’)) exists for this case since Q € L(O(ﬁ_l)#}vﬂ)[##].) In
general, for 6 > 0, any \O’s played are properly ordered with respect to
(Aala < w - (k(8) + 1)) using {w-Fr-on(@Teor Teer-Tea)|; < 1)y,
Any &;’s played must be properly ordered with respect to

L#3(Q, 1) ), T2 5, T )
(Aala < w - (k(7) + 1) using (wr g " 0 k0 k@ Bio ) gy

Case 2. Il plays ¢g = 1 in G- III Qﬁﬂy_)

By (v), IT may only play ¢; = 1 and I may only Q; € L(Oﬁ#}v+1)[#7]:

Gy, 1 Qs QRp-1 Qp-2 .. @
2ﬁ II <17_> <1’_> <17_> <1’_> )
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Hence, Q = (Qi|1 < i < B). The moves of G;ﬁ succeeding II’s playing
(G1,q1) = (1, —) are the moves of the game Gg(@) Whenever I1I plays fi;(j) =1

for 7 < ¢ and f?“ = 0 for all j € w, the play of G2, is

2B
I Qp Qp—1 Qp—2 L@ T x(0) T x(2)
I (1,-) (1,-) (1,—) (1,=) (0;t5) =z(1) (0,t}) =(3)
. Tl:(l)—l x(Qk(l)_Q)’Agk(1)—2 Tzi(1)
(071‘%(1),1) w(2k(1)_1)7>‘gk(1)71 <17_>
T3 z(2k(1)),A5 T? 2(2k(1)+2),A; .
(0,63) =(2k(1)+1),A1 (0,t3)  x(2k(1)+3),A3
(0,82 5y_1) x(2k(1)+--.+2k(5)_1),xg;({5)_1 (1,-)
2t 2 (2k(1)+---4+2k(5)),A\] T+t x(2k(1)+--42k(8)+2),A3
(0,271 2(2k(1)+-+2k(6)+1),A8 (0,t5FY)  2(2k(1)+--+2k(5)+3),A3
Tt 2 (2k(1)+---+2k(8)+2i),A3,
(0,657 @(2k(1)+-++2k(8)+2i+1),A5,
Whenever 52(5):1for1§5§7, the play of G7 is
I Qp Qp—1 Qp—2 L@ T x(0) Ty x(2)
I (1,-) (1,-) (1,—) (1,=) (0;t5) =z(1) (0,ty) =(3)
. T£(1)—1 m(%(l)_Q)’Agku)—z Tli(l)
<O7ti(1)_1> w(2k(1)_1)7>‘gk(1)_1 <1a_>
T2 x(2k(1)),\g T} x(2k(1)+2),\3 o
(0,63) =(2k(1)+1),A7 (0,t3)  x(2k(1)+3),A3
TRsy—1  @(2k(1)-+2k(6)=2),A0 5 _, TS s)
(0,82 5y 1) x(2k(1)+---+2k(5)—1),,\g;(16)_1 (1,-)
Tt x(2k(1)+---42k(8)),A5 T+t @ (2k(1)4-42k(8)+2),A5
(0,271 2(2k(1)+-+2k(6)+1),A (0,65FY)  2(2k(1)+--+2k(5)+3),A3
Thy—1  @@ED)+42k(N=-2)A0 0, T,
<Oatz(,y)_1> $(2k(1)+'"+2k(7)_1)’)‘;k_(}y)_1 <17_>

w(2k(1)+-+2k(7)),80  z(2k(1)+---4+2k(7)+2),82 .
w(2k(1)+-+2k(v)+1),61 z(2k(1)+---+2k(7)+3),¢3

The conditions on the auxiliary moves Tij , (fg, tg ) )\z, and &; are the same
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as in Case 1 (except that Q@ = (Q;]1 < i < ) here): If #

k) = 1 for all j < 4,

then fj = (Tg(i)\l < i < j)forall j <9, (for § > 1) player I may only play
T? € L(@, T;s_l)[##_‘_l_é], and (for § > 2) any )\?_1 played must be properly
ordered with respect to

L(#}y+2—5(é7fé—1))
+1

(Agla < w - (k(6 —1) 4+ 1)) using (w; i < k(0 —1)).

Any &;’s played must be properly ordered with respect to
(Aala < (k(7) + 1)) using (wEF @™Vl < k().

Player I wins G35 iff a (legal) position (of odd length) is reached at
which II cannot make a (legal) move. Ggﬂ is an open game and therefore we
define, for each ordinal «, P, as the set of positions with ordinal o and let
P =Uucon Pa- If pis a legal position in G;B, let £, denote the set of legal
positions in Ggﬁ consistent with p. The set ¢ of legal positions for Ggﬁ is in
L0 #3).

Using (P,|a € ON) and Lemma 0.14, define a wellordering < of ¢ and
the canonical w.s. s; 5 for G35 so that Lemma 2.4.1 (below) and the following
hold: s35 is in L(Oﬁ#iﬂ)[##], and if p is a legal position in G35, then s35|¢,
is a w.s. for (G53), and is definable in any inner model of ZF in which <[/,
is definable. Analogous to Lemmas 1.6.1 and 2.2.1, sgﬁ has the following
properties:

Lemma 2.4.1. Let p be a legal position in Ggﬂ. Let #4(U) = U for any U.

Then s34|¢, is a w.s. for (G35), and has the following properties:
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vi.) If 1 < § < f, position p includes the moves (G;,q;) = (0,q;) for

d < i < B, and pu is least such that R, (gs, i), then s?ﬂép is definable in
1

L((0 — 1)#!,1(0))[#}] from (wﬁf#”“(o))ﬁ < w). In particular, if p includes

the move (0, ¢gs) and n is least such that RCB (gs,n), then s3,|¢, is definable

. B# 41 (
in L((8 ~ D#1 (0)#] from (Yl < ).
vil.) If p includes (g;,g;) = (1, —) for 1 <i < 3, then s;,|¢, is definable in

L@Q)#}].

viii.) If § > 1 and p includes the moves (fg{(j),t](.ﬂ =(1,-) for 1 < j <4,
then s7,|¢, is definable in L(Q, Ts)[#L_,] f L(#- 5(Qf)) < k(6
261%p ey y—9o rom <wz—{—1 |Z — ( )>
In particular, if p includes the moves (AZ( yotagy) = (1,—), then sys(f, is
definable in L(Q,T) from <w,ﬁ£ﬁ(Q’T))]i < k(v)).

By Lemma 2.4.1 and Corollaries 2.2.1 and 2.3.1, we have
Lemma 2.4.2. Let ¢ = (Qg; (48, 98); Qp—1; (d8—1,q5-1); s Q15 (G1, q1))
be a legal position of G55. Let 1 < ¢ <+ and let ps be a legal position of G5
which extends ¢ and whose last move is <£i(5)>ti(5)> =(1,—). If
= A(Q,Ts; q, 15, 7(2k1 + - + 2ks)),
then the following hold:
ix.) If g = 1, then Q = (Q;]1 < i < f8) and the w.s. 53310q can be integrated
so as to obtain a w.s.
s € L(Q)[#}] for A(Q).

If gg =0, then the w.s. sgﬁlfq can be integrated so as to obtain a w.s.
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sq € L(#111(Q)) for A(G; ).
In either case, s, is a w.s. of the player for whom sgﬂ is a w.s.

x.) The w.s. s543/p; can be integrated so as to obtain a w.s. s €
L( }Y_Hl(Q_’, f(;)) for A" and s’ is a w.s. of the player for whom sgﬁ is a
Ww.S.

xi.) Suppose 5;/3 is a w.s. for I. If p is a position consistent with s, and
the moves in p of player II are consistent with ¢, then p € @); for ¢ such that
gi = 1. Therefore, if x is a play consistent with s,, then z € A(q). If pis a
position consistent with s’ and the moves in p of player II are consistent with
q, ts, and T(2ky + 2ky + 2ks + - - - + 2ks), then

p € Q; for ¢ such that ¢; =1
and p € le(j) for 1 <j <é.
If x is a play consistent with s’, then x € A(q,t5, %(2k1 + - - - + 2ks)).

xii.) Let p = (2(0); 2(1); 2(2); ...;2(i)) be a position consistent with Q. If p
is consistent with s, and if the moves in p of the player for whom s, is not a
w.s. are consistent with ¢, then p is consistent with ¢. If p is consistent with
s’ Q, and fg, and if the moves in p of the player for whom s’ is not a w.s. are
consistent with ¢, ts, and Z(2k; + 2ks + - - - + 2ks), then p is consistent with
q, ts, and T(2ky + 2ky + - - - + 2ks).

By the Induction Hypothesis, we have the following:

Lemma 2.4.3. If ¢ = (Qg, (0,¢3)) is a legal position of G;B, then A(gg) has
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aw.s. s’ € L(B#1,,(0)) such that:

(1) s is a w.s. of the player for whom s, is a w.s.

(2) If p is a position of the game G4 such that p is consistent with s’ and
the moves in p of the player for whom s’ is not a w.s. are consistent with gz,
then p is consistent with gg.

Claim I: Player I has a w.s. for G 4 if he has one for GJ;.

Let’s first consider the case in which () € P. Then s3; € L(OB#}YH)[#}Y]
is a w.s. for I'in G;B. We use sgﬂ to define aw.s. sforIin G4. For1 <1 < f3,
let

Qi = $55(Qp: (1, —); Qp-1; (1, —); s Qir15 (1, =), (G, @) = (1, —),

and po = (Qp; (1, —); Qp—1; (1, =); -5 Qu; (1, —))-
Then @ = (Q;]1 < i < ). By Lemma 2.4.1(vii), 533lp, 13 a w.s. for
(G33)p, and is definable in L(Q) [#]. By Lemma 2.4.2(ix), obtain a w.s.
so € L(Q )[# ] for A(Q) by integrating the w.s. $931lp, for A(Q), and let
s(p) = so(p) for any position p = (z(0);z(1);...;z(i — 1)) such that Vi’
iVn-Rc, (z(i'),n) for 1 < j < 6.

Suppose we reach a position such that FidjanRc, (Z(i),n). Since C; C
Cpg, there is a least i such that InRc, (Z(i),n). By (iv), i is odd. Let Qg = s( )
(as above), (43, qg) =(0,Z(7)), and ¢ = (Qp; (43, 98)). By Lemma 2.4.3, player
Lhas a w.s. 51 € L(B#,,(0)) for A(gg). Let s(p) = s1(p) for any position p
which extends (x(0);x(1); z(2);...;x(i — 1)).
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Claim: The strategy s of player I is a w.s. in G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists a w.s. sg € L(Q)[#%] for A(Q) and (2i) = so(z(1);2(3);...;2(2i — 1))
whenever Vi’ < 2i¥n—Rg, (z(i'),n) for 1 < j < 3. If Vi¥n—-Rc, (Z(i),n) holds
(for 1 < j < ), then 2 € A(Q) so that z € A by Lemma 2.4.2(xi).

Otherwise, InRc,(Z(i),n) for some least i. By the definition of s, there
exists a w.s. s1 € L(B#21,,(0)) for A(z(i)) such that

x(2k) = s1(x(1); 2(3);...;x(2k — 1)) whenever 2k > i.
Therefore, x € A(Z(i)) so that x € A. Thus, x is a win for 1.
Claim II: Player II has a w.s. for G4 if he has one for G3;.

Now let’s consider the case ( ) ¢ P. We integrate II's w.s. s, for G
to get the w.s. s € L(Oﬁ#hl)[##] for Il in G 4. Let

Qp = {positions ¢ in Ga|VQ" € L(B#),1(0))[#}] (0,0) # 5345(Q")}
and Q; = Qp for 1 < i < 3. Clearly (1,—) = SgB(Q/g). Furthermore, for
1 <1< p,

Qi € L(0P#+1)[#1], and by (v), (1, —) = 535(Qp; Qp—1: Qa2 ..; Q).
Let po = (Qp; (1, —);Qp-1;(1, —); Qp—2; (1, —);..;Q1;(1,—)). By Lemma
2.4.2(ix), integrate s;5|¢p, so as to obtain a w.s. sg € L(Q) [#1] for the game
A(Q). Let s(p) = so(p) for any position p = (2(0); z(1); (2); ...;z(i — 1)) such
that Vi’ <i 2(i') € Qp = 1<;<5 Q-

Suppose we reach a position Z(i) (of least length) such that z(i) € Q3.
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Then i is odd and there exists Qj € L(Oﬁ#iﬂ)[#}y] such that the position
p1 = (Q};(0,Z(@))) is consistent with s;;. By Lemma 2.4.3, player II has a
w.s. 51 € L(B#!,,(0)) for A(z(i)). Let s(p) = s1(p) for any position p which
extends Z(7).

Claim: The strategy s of player 1l is a w.s. for G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists a w.s. so € L(Q)[#1] for A(Q) and z(2i) = so(x(1); z(3);...; (2 — 1))
whenever Vi’ < 2i Z(i') € Qp = N1<;<5Q;- I Vi Z(i) € Qp, then z ¢ A(Q)
so that = & A.

Otherwise, there exists (odd) i such that Z(i) € Qg and Vj < i Z(j) € Qg.
By the definition of s, there exists a w.s. s1 € L(#},,(0)) for A(Z(i)) such
that x(2k + 1) = s1(x(0); x(2);...;2(2k)) whenever 2k + 1 > i. Therefore,
since s1 is a w.s. for II, z & A(z(i)) so that z ¢ A. Consequently, s is a w.s.
in G 4 of the player for whom sgﬁ is a w.s. .
Definition 2.4. Let By,By_1,B 2,...,B1 € I}, C1,C5,Cs,...,Cg € 39,
and (A, | o < w?) strongly witness A € (y*I1Y, 3% X9)*. Then we refer to the
auxiliary game G5 described in the Proof of Theorem 2.4 as the G35 auziliary
game determined by B, By_1,By_a,..., By € 1Y, C1,C,C5, ...,Cg € XY, and
(Ay | a < w?).

Suppose U = (U;|i < ) and @ = (w;|i < 7) respectively are a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
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G 4. Then the Ggﬁ(ﬁ; w) auxiliary game determined by
B,,By_1,By_2,....,B1, C1,C,Cs,....Cs, (A, | a <w?), and m € w

is the game in which player I wins iff a position is reached at which II cannot
make a (legal) move, which has exactly the same moves as Ggﬂ, and these
moves are subject to the following conditions:

i.) {¢|3kRc,(q,k)} determines the Borel auxiliary moves @; and (g;, g;) for
1<i<8.

ii.) The sequence {(T?; (3, t3))|Vj < n Lt? = 0) of Borel auxiliary moves and
the 19 set Bs are related via Rp;.

iii.) If 1 <i < j < B and ¢; =1, then ¢; = 1.

iv.) Each Z(i) € ;.5 U;j and each Z(i) must be consistent with every u;.

v.) Let @ = (Q;]¢; = 1), = (gi|G; = 0), and p be least such that g = 8+ 1
or g, = 0. Then
Qi € L(i#b o (D)) Tor i > jrand Qs € L{(u — Db, (D)) for i <

vi.) T € LU, Q, To—1)[#1 1),

vii.) If g = 0, let k(0) be least such that Rc,(qu,k(0)); otherwise, k(0) is
undefined. The )\f’s are properly ordered with repect to

(Aula < w - (k(8) + 1)) using (W= P12 @ TN ps)).
viii.) If fz(v) = 1, the &;’s are properly ordered with respect to
(Aala < w- (k(y) + 1)) using (W FTTP)i < k().

These conditions are analogous to the conditions for the moves of G;B.
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The first three are conditions which the moves of Ggﬁ also must satisfy. The
others are derived by changing the conditions for the moves of G;ﬁ so that we
obtain conditions which are consistent with U and @. We refer to Ggﬁ(lj ;U)
instead of the G;ﬁ(ﬁ ;1) auxiliary game determined by

By,By_1,By_2,....,B1, C1,Cs,Cs,...,Cs, and (4, | a < w?)
whenever B, B,_1,B,_2,...,B1, C1,C4,Cs,...,Cs, and (4, | a < w?) are
clear from the context. Analogous to Theorem 2.4, we have the following:
Corollary 2.4.1. Let B,,By_1,By_2,....,B1, C1,Cs,Cs,...,C3, (Ay | a <
w?), A, ﬁ, and u be as in Definition 2.4. Let p be a legal position of a game G*
such that the moves of G* following p constitute a play of Ggﬁ(ﬁ ;). Suppose
U has a wellordering which is definable in L(ﬁ), B#}YH((}), and s* is a w.s.
for G* such that 5°|6, € L(B#L,,(T)#]. I L(B#L (D)) F o
exists for every real r,” then s*|¢, can be integrated so as to obtain a w.s.
s*|¢, € L(B#L 1 (U))[#] for A(U; @) such that the following hold:

i.) s, is a w.s. of the player for whom s* is a w.s.,

ii.) If s* is a w.s. for I, p is a position consistent with s,, and the moves in
p of player II are consistent with , then p € (), 5 U;. Therefore, if s* is a
w.s. for I and z is a play consistent with s,, then x € A(«).

iii.) Let p be a position consistent with s, and with U. If the moves in p of
the player for whom s, is not a w.s. are consistent with , then p is consistent
with . .

page 175; 9f2.tex; December 26, 1990



The proof of Corollaries 2.4.1 and 2.5.1 is similar to the proof of Theorems
2.4 and 2.5. However, we use a stronger induction hypothesis for the proof
of the two corollaries. The statement of this stronger induction hypothesis

follows Definition 2.5 (below).
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