§1. The Existence of 0%z Implies Determinacy. In this section, we
show the following two theorems:

Theorem 1.6. If L(Oﬂ#é)[#ﬂ = “every real has a sharp,”

then Det(I19, 8 * X9)*.

Theorem 1.7. If L(0°#2)[#!] has indiscernibles, then Det(IT9, 3 x %9)*.
However, we first show some special cases (mentioned below) of the above
results. Figure 5 illustrates the theorems of this section.

We also generalize Theorem 1.7 by showing the following:

Corollary 1.7.1. If A € (I1?, 3 * E?)i, U is a finite sequence of I-imposed
subgames of G4, 4 is a sequence of legal positions of G4 with odd length,
and B#3(U) exists, then G4 (U; @) has a w.s. in L(3#(0)).

We prove the theorems of this section by integrating winning strategies for
auxiliary games G}g. In this section, we write G° for Gé. Therefore, we
resepectively write G° and G! for the games G} and G} described in §0.4.
However, in Sections Zero and Two, we only use the notation Gé since in
those sections we consider Gg for v # 1.

The proof of Theorems 1.6, 1.7, and Corollary 1.7.1 is by induction on 3.
We prove Theorems 1.6, 1.7, and Corollary 1.7.1 for 8 = 1,2 before proving
the general result. In Theorem 1.1, we also show Corollary 1.7.1 for § = 0. In
Theorem 1.0, we show that if A € (I19)*, U is a finite sequence of I-imposed

subgames of G 4, 4 is a sequence of legal positions of G4 with odd length, and
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L(#(0))[#1] & “every real has indiscernibles,” then G4(U; @) has a w.s. in
L(#(U))[#1]. We will need Theorems 1.0 and 1.1 in the proof of Theorems
1.6, 1.7, and Corollary 1.7.1. However, the reader may (initially) want to skip
the proofs of Theorems 1.0 and 1.1.

In the proof of Theorem 1.0, we integrate a w.s. for an auxiliary game
GY(U;@). GA(U;@) is a generalization of the game G} described in §0.4.2,
which we now define.

Definition 1.0. Let B € I1{ and (4, | a < w?) strongly witness A € (I19)*.
Let U = (Uili < n) and @ = (u;|i < 0) respectively be a finite sequence of
I-imposed subgames of G4 and a sequence of legal positions of G4. Then
the GO(U; @) auiliary game determined by B and (Ay]a < w?) is the game
which has exactly the same moves as G° and these moves are subject to the
following conditions:

i.) Each #(i) € (,, U; and each Z(i) must be consistent with every u;.

i) T; € L(U)[#).

iii.) If £,, = 1, the &;’s are properly ordered with respect to (Ay|a < w-(n+1))
using (wﬁff&i(ﬁ’n))\i < n).

iv.) The sequence ((T,; {tn,t,))|Vj < n £; = 0) of Borel auxiliary moves
and the II{ set B are related via Rp.
Player I wins GO(U; @) iff a (legal) position (of odd length) is reached at which

IT cannot make a (legal) move.
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These conditions are analogous to the conditions for the moves of GY.
They are derived by changing the conditions for the moves of G so that they
are consistent with U and @. We refer to G°(U; @) instead of the GO(U; @)
auxiliary game determined by B and (A, | @ < w?) whenever B, C, and
(A, | a < w?) are clear from the context. In [Du2], we obtain the following
by integrating a w.s. for GO: If L[#] = “every real has indiscernibles,” then
every (I19)* game is determined. Similarly, we prove the following:
Theorem 1.0. Let B, (A, | a < w?), A, U, and @ be as in Definition 1.0.
Let p be a legal position of a game G* such that the moves of G* following p
constitute a play of GO(U; @). Suppose U has a definable wellordering in L(U)
and s* is a w.s. for G* such that s*|[¢; € L(U)[#1]. If L(U)[#1] |= “every real
has a sharp,” then s*|; can be integrated so as to obtain a w.s. s, € L(U)[#1]
for A(U; @) such that the following hold:

(i) sp is a w.s. of the player for whom s* is a w.s.
(ii) If s* is a w.s. for I, p is a position consistent with sz, and the moves

in p of player II are consistent with «, then p € (,_,_ U;. Therefore, if s* is a

i<n
w.s. for I and z is a play consistent with s;, then x € A(«).

(iii) Let p be a position consistent with s; and with U. If the moves in p of
the player for whom s; is not a w.s. are consistent with «, then p is consistent
with .

—

Proof: Assume L(U)[#1] E “every real has a sharp” and let B, (4, | a <
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w?), A, U, and @ be as in Definition 1.0. Let Rp € AY be such that
iv.) B(xz,n) < VkRp(z(k),n), and
v.) if “Rp(Z(k),n) and Vj < kRp(Z(j),n), then k is odd.

It will be sufficient to assume s® € L(U)[#1] is a w.s. for G°(U; @) and
show that s® can be integrated so as to obtain a w.s. s € L(U)[#1] for A(U; @)
such that (i), (ii), and (iii) holds if s* and s; are respectively replaced by s
and s.

Player I wins G iff a (legal) position (of odd length) is reached at which
IT cannot make a (legal) move. G is an open game and therefore we define,
for each ordinal «, P, as the set of positions with ordinal o and let P =
Uacon Pa- Also, if p is a legal position in GY, let £, denote the set of legal
positions in G consistent with p. The set of legal positions for G° is in
L(U)[#1]. Moreover, whenever p is a legal position in G°, the following holds:

vi.) If p includes the move (t,,t,) = (1,—), then ¢, € L(T},) and T, is
coded by a real in L[#1].
Using (P,|a € ON), define a wellordering < of the legal positions for GO(U; @)
such that < is definable in L(U)[#1] and whenever p is a legal position in
GO(U; @), the following holds:

vii.) If p includes the move (t,,t,) = (1, —), then < |¢, is a wellordering of
the legal positions of GO((j ;1) consistent with p and is definable in L((j 1)
from (wﬂfl(ﬁ’n))ﬁ < n).

page 38; 4b.tex; December 26, 1990



By Lemma 0.14, use < to define the canonical w.s. s° for G°(U; @). Then
s¥ is definable in L(U)[#1]. Furthermore, if p is a legal position in GO(U; @),
then s°|¢, is a w.s. for Gg((j; @) and is definable in any inner model of ZF in
which < |¢, is definable. Therefore, s° has the following properties:

Lemma 1.0.1. Let p be a legal position in G°(U; @). Then s)¢, is a w.s. for
Gg(ﬁ; i) and if p includes the move (f,,t,) = (1, —), then s°|¢, is definable
in L(U,T,) from (wﬂfkl(ﬁ’r[n))\i < n).

If p is a legal position in GO(U; @) which includes the move (£,,t,) = (1, =),
then we use Lemma 1.0.1 and indiscernibles for L(U,T,) to integrate s°|¢,
with respect to the &;’s. Indiscernibles for L(U,T,) exist since T}, is a real in
L(U)[#4].

Claim I: Player I has a w.s. for G 4 if he has one for GO(U'; w).

Let’s first consider the case in which ( ) € P. Then s° € L(U)[#4] is
a ws. for I in GO(U;@). We use s to define a w.s. s for [ in G4. Let
To = s°(()), (to,to) = (1,—), and p; = (Tp; (1, —)). By Lemma 1.0.1, s°|¢,, is
a w.s. for Ggl(lj;ﬁ) and is definable in L(U, Ty) from wf(#l(ﬁ’TO)). Since U
and Ty can be coded by a real in L(U)[#1] and L(U)[#1] |= “every real has
a sharp,” #1(17,T0) exists. Therefore, by Theorem 0.20, there exists a w.s.
so € L(#1(U,Ty)) for A(U,Ty;@). Let s(p) = so(p) for any legal position
p = (x(0);x(1); 2(2); ...;2(2i — 1)) of A(U;@) such that Rg(%(2i),0).

Otherwise, we reach a position such that
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<R (#(ko),0) and ¥j < koRp(2(5),0).

By (iv), ko is odd. We have defined
s(z(1);2(3);..;2(2) — 1)) = x(2j) for 25 < k. (viii)

We define s(z(1);x(3);...;x(25 — 1)) so that it is consistent with (viii).

Disregard (tg,to) = (1, —) and instead let (fg,to) = (0, Z(ko)). Let

p1 = (To; (0, Z(ko))), x(0) = s°(p}),
Ty = s°(ph * (x(0);2(1))), and pa = pi * (x(0); x(1); T1; (1, —)).
By Lemma 1.0.1, the w.s. s%|¢,, for GgQ(ﬁ;ﬁ) is definable in L(U,Ty) from
(wﬂfl(ﬁ’ﬂ))\i = 0,1). Since L(U)[#1] |= “every real has a sharp,” L(U,T})
has indiscernibles. By Theorem 0.20, there exists a w.s. s1 € L(#1(U,T})) for
AU, Ty @, 7(ko), 2(2)). Let s(p) = s1(p) for any legal position p of A(U; %)
which extends Z (ko) and Z(2).

In general, suppose we have reached a position which includes Z(2n),
z(ko), #(ky1), ..., (kn_1) such that Vi < n=Rp(z(k;),q). Let t, = (Z(k;)|i <
n) and repeat the above argument with kg replaced by k,_1: Then we obtain
s, such that

ix.) sp € L(#1(U,Ty)) is a w.s. for AU, Ty @, 1, 2(2n)),
and we let
x.) s(p) = sn(p) for any legal position p of A(U; @) which extends z(2n)

and z(k;) for all i < n.
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Claim: The strategy s of player I is a w.s. in GA(U'; w).

Let z be a play of Ga(U; @) consistent with s. We show that z is a win
for player 1. If B(x,n) for some least n, then x is consistent with s,,, and since
sn is a w.s. of I for A(U,T,;@,t,,z(2n)), = € A(U; @) by Theorem 0.20.

So assume Vn—B(x,n). Then

g = (T: (0, 2(ko)): 2(0); 2(1); T (0, (k) £(2): 2(3); T 0, 2(ka)); (4); 2(5): .
3T (0, 2(kp)); x(2n); 2(2n + 1);...)
is a play of Go(ﬁ;ﬁ) consistent with I's w.s. s so that for some n € w,
Z(2n) is inconsistent with « while Vj < 2n Z(j) is consistent with «. Hence,
z € A(U; Q).
Claim II: Player II has a w.s. for G4 if he has one for GO(U; @).

Now let’s consider the case ( ) & P. We integrate II's w.s. s° € L(U)[#1]

for GO(U; @) to get the w.s. s for IT in G4 (U;@). Let

To = {positions p in GA(U u) | VT§ € L(U )[#1] (0,p) # s°(TH)}
Then for ¢ consistent with U and u,
te Ty iff VI' € L(U)[#41] (0,t) # $°(T")
YT € L(O)[#] (T4 (0.1)) € Uncon Pa-

If (T%;(0,t)) is a legal position of GO(U;@), then by induction on a, P, N
C(1y,(0,ty) is definable in L(U)[#1]. Therefore, Ty € L(U)[#1]. Also, (1,—) =
sY(Ty). Let p1 = (Tp; (1, —)). By Lemma 1.0.1, s°|¢,, is a w.s. for G’gl([j;ﬁ)
and is definable in L(U, Ty) from wf(#%(ﬁ’TO)). Since U and Ty can be coded by
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areal in L(U)[#1] and L(U)[#1] = “every real has a sharp,” #1 (U, T,) exists.
By Theorem 0.20, let so € L(#1(U,Ty)) be a w.s. of II for A(U, Ty; @). Let
s(p) = so(p) for any legal position p = (2(0); z(1); 2(2);...;2(2i)) of A(U; )
such that z(2i+ 1) € Ty. If we reach a position Z(2ko + 1) which is not a legal
position of A((j; @), then for any position p which extends z(2ko + 1), define
s(p) to be your favorite natural number.

Otherwise, suppose we reach a legal position Z(2ko + 1) & Ty of A(U; ).
We have defined

s(x(0);2(2);2(4);...;2(25)) = x(25 + 1) for j < ko. (xi)

Now we define s(z(0); z(2);...;2(24)) so that it is consistent with (xi). Since
Z(2ko+1) & Ty, there exists T} € L(U)[#1] such that s°(T}) = (0, z(2ko+1)).
Disregard (fo,to) = (1, —) and instead let (g, to) = s°(T3) = (0,Z(2kg + 1)).
Let p} = (T4;(0,%(2ko + 1)); 2(0)) and define z(1) = s(x(0)) to be s%(p}).
Since z(1) = s°(p}) must be consistent with ¢y, the definition of s(z(0)) is
consistent with (xi). Let
Ty = {positions t1 in GA(U; @, to, (2))\VT] € L{#1] (0,t1) # sO(T}; 2(0); T])}.
Then Ty € L(U)[#1], and (1,=) = s°(p} % (z(1);T1)). Let py = pj x
(z(1);T1;(1,-)). By Lemma 1.0.1, s°|¢,, is a w.s. for ng(ﬁ;ﬁ) and is
definable in L(U,T}) from wf(#l(ﬁ’Tl)) and wf(#l(ﬁ’Tl)). Since U and T}
can be coded by a real in L(U)[#1] and L(U)[#1] = “every real has a

sharp,” L(ﬁ,Tl) has indiscernibles. By Theorem 0.20, there exists a w.s.
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s1 € L(#1(U,Ty)) for AU, Ty; @, %(2ko+1), 2(2)). Let s(p) = s1(p) for any le-
gal position p = (z(0); z(1); 2(2); ...; 2(2i)) of A(U; @) such that z(2i+1) € T}.
In general, suppose for every i < n, t; = z(2k; + 1) is consistent with

s, J_?(le + 1) € (mj<77 UJ) \Tz'7 Vi < k; 53(2] + 1) el;N (m Uj), and the

I<n
position
Py = (To; {0, t0); ©(0); (1); 115 0, £1); 2(2); £(3); -3 Ty 15 (0, tn1); 2(2n — 2))
is consistent with s°. Then repeat the above argument with ky replaced by
kn_1: Let £, = (t;|i <n), z(2n — 1) = s%(p/,), and
T, = {positions ¢, in Ga(U;@;t,,z(2n))|

VT, € L(U)[#1] (0,80) # s°(py, * (2(2n — 1); 7))}

Then ppi1 = pl, * (x(2n — 1);T,; (1, —)) is consistent with s°. By Lemma

is a w.s. for GO (U;@) and is definable in L(U,T,) from

Pn+1 Pn41

1.0.1, s°|¢
(wﬁff&l(ﬁ’n)) i <n). Since U and T}, can be coded by a real in L(U)[#:] and
L(U)[#1] & “every real has a sharp,” L(U,T,) has indiscernibles. By Theo-
rem 0.20, there exists a w.s. s, € L(#1(U,T,)) for A(U,T,:@,t,,z(2n)). Let
s(p) = s, (p) for any legal position p = (2(0);z(1); 2(2);...;2(24)) of A(U; @)
such that z(2i + 1) € T),.

If a position t,, = Z(2k,, + 1) of least length such that ¢,, & T;, is reached,
then by the definition of T},, there exists T/, € L(U)[#1] such that the position
Phiq =Dl * (x(2n — 1);T7;(0,¢,); x(2n)) is consistent with s°.

Claim: The strategy s of player II is a w.s. for GA(lj; u).
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Let z be a play of G4(U:; @) consistent with s. We show that s is a win
for II.

Suppose there is a least n such that Vi (i) € T,,. Let

tn = (2(2k; + 1)]i < n).
By the definition of s, z is consistent with the w.s. s, € L(#1(U,T},)) for
A(U, Ty @, t,, %(2n)). Therefore, since s, is a w.s. for I, 2 ¢ A(U; @) and z
is a win for IT in A(U;@).

On the other hand, suppose for every n, there is a t,, = Z(k,,) of least
length such that z(k,) &€ T,. Let p, = (). By the definition of s, obtain for
each n, the position p),; = p}, * (x(2n —1);T}; (0, t,); x(2n)) consistent with
s%. Since p), . is consistent with the w.s. s? for GO(U; @), ~Rp(tn,n) and

xii.) if Z(2n + 1) is inconsistent with , then there is a j < n such that
Z(27 4+ 1) is inconsistent with @ but for all ¢ < 25 + 1, Z(i) is consistent with
i, which implies x is a win for II.

Since U is a sequence of I-imposed subgames of G 4,

xiii.) if x is inconsistent with U, then there is a j such that z(2j + 1) is
inconsistent with U, while for all i < 2j + 1, Z(1) is consistent with U, which
implies = is a win for II.

Since Vn—B(z,n), by (xii) and (xiii) = ¢ A(U;@). Consequently, s is a w.s.

0

in G4(U; @) of the player for whom s° is w.s. .

In Theorem 1.7 [Du2] we show that every (II9)% game has a w.s. in
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L(#3(0)) if #3(0) exists (i.e. if L[#1] has indiscernibles). There, we integrate
a w.s. for the G auxiliary game determined by B € II{, (A,|a < w?), and
m € w. (Recall that G is the game G} of §0.4.3.) Now we generalize Theorem
1.7 [Du2]. Let A be the (II9)* set witnessed by B € IIY, (A,]a < w?), and
m € w. Suppose U and 7 respectively are sequences of I-imposed subgames of
GG 4 and of legal positions of G4 with odd length. First we define an auxiliary
game for A((j ;1); namely, the Gl(ﬁ ;1) auxiliary game determined by B,
(Ao|ae < w?), and m € w. Then we prove that every such A(U; @) has a w.s.
strategy in L(#3(0)) if #1(U) exists.

Definition 1.1. Let B € I1{, (A, | @ < w?), and m € w strongly witness
A e (IIY)%. Let U = (U|i <n) and @ = (u;|i < 6) respectively be a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
G 4. Then the G*(U; @) auziliary game determined by B, (Aq | a < w?), and
m € w is the game which has exactly the same moves as G' and these moves

are subject to the following conditions:

i.) Each #(i) € (;_, U; and each Z(i) must be consistent with every u;.

—

i) Ty € L(U)[#41].

iii.) The A;’s are properly ordered with repect to (A,|a < w-(m+1)) using

(wEE D) <

iv.) If t,, = 1, the &’s are properly ordered with respect to (Ay|o < w-(n+1))

-
using (wiLJffﬁl(U’T”))\z' < n).
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v.) The sequence ((T}; (tn,t,))|Vj < n t; = 0) of Borel auxiliary moves and
the I10 set B are related via Rp.
Player I wins GO(U; @) iff a (legal) position (of odd length) is reached at which
IT cannot make a (legal) move.

These conditions are analogous to the conditions for the moves of G*.
They are derived by changing the conditions for the moves of G! so that they
are consistent with U and @. We refer to GY(U; @) instead of the G*(U; @)
auxiliary game determined by B, (A, | a < w?), and m € w whenever B,
(A, | @ < w?), and m € w are clear from the context. Analogous to Theorem
1.0, we have the following:

Theorem 1.1. Let B, (A, | a < w?), m, A, U, and 7 be as in Definition 1.1.
Let p be a legal position of a game G* such that the moves of G* following
p constitute a play of Gl((j;ﬁ). Suppose U has a definable wellordering in
L(U) and s* is a w.s. for G* such that s*|lp € L(U)[#1]. If #(U) exists,

then s*|¢; can be integrated so as to obtain a w.s. s; € L(#L(0)) for A(U; @)

such that the following hold:

i.) sp is a w.s. of the player for whom s* is a w.s.,

ii.) If s* is a w.s. for I, p is a position consistent with s;, and the moves
in p of player II are consistent with , then p € ﬂi<,6' U;. Therefore, if s* is a
w.s. for I and z is a play consistent with s;, then x € A(«).

iii.) Let p be a position consistent with s; and with U. If the moves in p of
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the player for whom s, is not a w.s. are consistent with , then p is consistent
with .
Proof: Assume #1(U) exists. Then L(U)[#1] | “every real has a sharp.”
Let B, (Ay | @ < w?), m, A, U, and @ be as in Definition 1.1. Let D = A*
and let Rp € AY be such that

iv.) B(z,n) < VkRp(Z(k),n), and

v.) it "Rp(Z(k),n) and Vj < k Rp(Z(j),n), then k is odd.

It is sufficient to assume s' is a w.s. for Gl(ﬁ; ) and show that s! can
be integrated so as to obtain a w.s. s € L(#(U)) for A(U; @) such that (i),
(ii), and (iii) holds if s* and s; are replaced by s' and s.

Player I wins G (U; @) iff a (legal) position (of odd length) is reached at
which II cannot make a (legal) move. G*(U; @) is an open game and therefore
we define, for each ordinal «, P, as the set of positions with ordinal a and
let P = J,con Pa- Also, if p is a legal position in G1, let £, denote the set
of legal positions in G’l(ﬁ; @) consistent with p. The set of legal positions for
GY(U; @) is in L(U)[#1]. Moreover, whenever p is a legal position in GY(U; @),
the following properties hold:

vi.) If p includes the move {(f,,t,) = (1,—), then ¢, € L(U,T,) and T,, is
coded by a real in L(U)[#4].
Using (P,|a € ON), define a wellordering < of the legal positions for G*(U; @)

—

such that < is definable in L(U)[#1] and whenever p is a legal position in
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GY(U; @), the following holds:
vii.) If p includes the move (t,,t,) = (1, —), then < |¢, is a wellordering of
the legal positions of G(U; @) consistent with p and is definable in L(U,T},)
from (wﬂfl(ﬁ’n))ﬁ < n).
By Lemma 0.14, use < to define the canonical w.s. s! for Gl(ﬁ; #). Then
s! is definable in L(U)[#1]. Furthermore, if p is a legal position in GY(U; @),
then s'|¢, is a w.s. for G;(U’; @) and is definable in any inner model of ZF in
which < |¢, is definable. Therefore, s' has the following properties:
Lemma 1.1.1. Let p be a legal position in G}(U; @). Then st|, is a w.s. for
Gzlg((j; @), s'|¢, € L(U)[#1], and the following holds: If p includes the move
(tn,tn) = (1,—), then s!|¢, is definable in L(U,T,) from (wﬁff&l(ﬁ’ﬂ‘))\i < n).
If p is a legal position in G}(U; @) which includes the move (£,,%,) = (1, —),
then we use Lemma 1.1.1 and indiscernibles for L(U,T},) to integrate st|e,
with respect to the ¢;’s. We use indiscernibles for L((j )[#1] to integrate s?
with respect to the ordinal auxiliary moves ;.
Lemma 1.1.2. Let
p = (To; (0,t0); x(0), Xo; x(1), A1; 11, (0, t1); £(2), Aa; 2(3), Az; T2, (0,t2); ...;x(2n — 1), Aop—1)
and
P = (Tp; (0,t0); (0), Ag; 2/ (1), A1; 11, 0, 81); 27 (2), A3 27(3), A3; T3, (0, £3); -5 2" (2n — 1), A%y, _y)
be legal positions of G' consistent with s'.

viii.) If s is a w.s. for I, the ordinal auxiliary moves Ag;_1 and A, ; are
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elements of C] (i.e. are indiscernibles for L[#1]) for i < n, and II's Borel
auxiliary and integer moves are the same for both p and p’ (i.e. z(2i — 1) =
x'(2i — 1) and t; = t; for i < n), then I's Borel auxiliary and integer moves
are the same for p and p’ (i.e. x(2i) = 2/(2i) and T; = T7).

ix.) If s' is a w.s. for II, the ordinal auxiliary moves \2; and A, are elements
of C{ for i < n, and Borel auxiliary and integer moves of player I are the same
for p and p’ (i.e. x(2i —2) = 2/(2i —2) and T; = T}), then II’s Borel auxiliary
and integer moves are the same for both p and p’ (i.e. z(2i + 1) = 2'(2i + 1)
and t; = t; for i <n).

We use Lemma 1.1.2 to show the following:
Lemma 1.1.3. Suppose for every n € w, there exists (\!'|i < 2n) such that
A1 € Cf fori<nif s'isaws. for I, \J; € Cf for i < nif s’ is a w.s. for
II, and the position
P = (To; (0, 20); 2(0), Ags (1), AT; Th; (0, £1); 2(2), Ags 2(3), A5 T2; (0, t2); (3), Ay 2(4), Als ...
s T3 (0, 1))
is consistent with s!. Then z € D(U; @) iff s is a w.s. for L.
We indicate how to show z € D(U;@) if s' is a w.s. for I. Similarly,

lis a w.s. for I

one shows = & D((j;ﬁ) if s' is a w.s. for II. Suppose s
and the positions p], and the sequences (A'|i < 2n) satisfy the hypotheses of
Lemma 1.1.3. Then each A};,; € C{. Use Lemma 1.1.2 and indiscernibles for

L(U)[#1] to integrate s! with respect to the AS;11’s and show x € D(U; ).
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This integration of s! is analogous to the integration in Theorem 0.8 [Dul] of
the w.s. 5 (i.e. sJ) for G (i.e. GY). In Theorem 0.8 [Dul], we use the existence
of indiscernibles for L to integrate s, with respect to ordinal auxiliary moves
&, in such a way that we use this integration of § to show that = is in the
w-m —II{ set D when 5is a w.s. for I and 2 ¢ D when 5 is a w.s. for II.

Now we show that G 4(U; @) has a w.s. s € L(#(0)).
Claim I: Player I has a w.s. for G4(U;@) if he has one for G*(U; @).

Let’s first consider the case in which ( ) € P. Then s' € L(U)[#4] is
a ws. for I in G*(U;@). We use s* to define a w.s. s for I in G4. Let
To = s'({)), (to,to) = (1,—), and p; = (Tp; (1, —)). By Lemma 1.1.1, s!|¢,, is
a w.s. for Gél((j;ﬁ) and is definable in L(U, T,) from wf(#%w’%». Since U
and Ty can be coded by a real in L(U)[#1] and L(U)[#1] = “every real has
a sharp,” #1((7 ,To) has indiscernibles. Therefore, by Theorem 0.20, there
exists a w.s. so € L(#1(U,Ty)) for AU, Ty; @). Let s(p) = so(p) for any legal
position p = (z(0); z(1); z(2); ...; z(k — 1)) of A(U;@) such that Rp(z(k),0).

Otherwise, we reach a position such that

—Rp(Z(ko),0) and Vj < koRp(Z(j),0).

By (v), ko is odd. We have defined
s(x(1);x(3);..;2(25 — 1)) = x(2j) for 25 < k. (x)

We define s(z(1);x(3);...;x(25 — 1)) so that it is consistent with (x).
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Disregard (o, to) = (1, —) and instead let (fo, ) = (0, Z(ko)). Then p, =
(To; (0,Z(ko))) is a legal position of GH(U;@). Let (2(0),Xo) = s'(p}). By
Lemma 1.1.2, for every (1), there exists a unique T} such that the following
holds: for any A\; € C{ in which ()\;|i = 0, 1) is properly ordered with respect
to Z(2) and (Ay|a < w - (m + 1)) using (wﬂf&%(ﬁ))\i <m),

Py * (2(0), Ao; (1), A1; T1)
is consistent with s'. Let (f;,#;) = (1,—) and choose A\; € C} so that the
position
p2 = p1 * (2(0), Ao; (1), A1; Th5 (1, =),

is consistent with s'. Since U and Ty are coded by a real in L(U )[#1] and
L(U)[#1] = “every real has a sharp,” #3(U,T}) exists. Therefore, by Theo-
rem 0.20, there exists a w.s. s; € L(#%(ﬁ,Tl)) for A(ﬁ,Tl;U, to, 7(2)). Let
s(p) = s1(p) for any legal position p = (2(0); z(1); 2(2); ...;z(k—1)) of A(U; @)
such that Rp(Z(k),0).

In general, suppose we have reached positions z(ko), Z(k1), ..., T(kn—1)
such that Vi < n—Rp(Z(k;),7). Then let t,, = (Z(k;)|i < n) and repeat the
above argument with kg replaced by k,,_1:

By (v), t; has odd length for i < n. By Lemma 1.1.2, for every

z(1),z(3),z(5),....,x(2n — 1),
there exists a unique z(0),x(2),x(4),...,x(2n — 2) and Ty, T1,T>, ..., T, such

that the following holds:
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xi.) If (Al]i < 2n) is properly ordered with respect to z(2n) and (A,|a <
w-(m+1)) using <wﬁfké(ﬁ))|z’ < m) and if Agjp1 = A; 4 € Cf for i < n, then
there exists A\g, A2, A4, ..., Ao, _o such that the position

P = (T0;(0,t0); x(0), Ao; (1), Ad1; 115 (0,t1); 2(2), A2; 2(3), Az; To; (0, t2); x(3), Az; x(4), Ay; ...
3 Tn) * ((1, =)
is consistent with s!.
Let (£n,t,) = (1,=) and %, = (t;]i < n). Since U and T}, are coded by a
real in L(U)[#1], #1(U, T,) exists. Therefore, by Theorem 0.20, there exists
aw.s. sp € L(#L(U;T,)) for A(U,Ty; @, tn,Z(2n)). Let s(p) = sn(p) for any
legal position p of A((j;ﬁ) such that Rg(p,n). If we reach a position such
that ~Rp(Z(k,),n) and Vi < k, Rg(Z(i),n), then let (f,,t,) = (0,Z(k,)) and
choose \; for 7 < 2n such that A\g; 41 € Cll for ¢ < n and the position
P = (T0; (0, 20); (0), Ao; (1), Ar; T1; {0, £1); 2(2), A 2(3), Ag; T2; (0, 82); £(3), As; 2(4), Ags ...
s T3 (0, 1))
is consistent with s!. (Note that any ordinal auxiliary move \; may be differ-
ent for any two of the positions p,, p;,, Pn+1, and p;,;.)
By the definition of s, we have the following:

xii.) If z is consistent with s, Vi < n—B(z,i), and Rp(Z(k),n), then Z(k) is
consistent with the w.s. s, € L(#X(U,T})) for A(U,Ty; @, t,, Z(2n)), where
tn = (t;li <n), t; = Z(k;), k; is least such that ~Rp(Z(k;),4) (for i < n).
Claim: The strategy s of player I is a w.s. in GA(ﬁ; u).
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Let = be a play of Ga(U;@) consistent with s. We show that z is a
win for player I. If there exists a least n such that =B(z,n), then by (xii)

v € AU, T, i, t,, %(2n)) so that z € A(U;@).

Otherwise, assume Yn—B(z,n). By the definition of s, for every n, there

is a position
P = (To;(0,t0); 2(0), Aos (1), A1; T3 (0, t1); 2(2), A2 2(3), Az; T25 (0, t2); (3), Ag; 2(4), Ag;

s T (0, )
such that p/, is consistent with s! and Xg;41 € C{ for i < n. By Lemma 1.1.3,
n + 1

z € D(U;@). Thus, z is a win for 1.

Claim II: Player II has a w.s. for G4(U; @) if he has one for G1(U; @).

Now let’s consider the case ( ) & P. We integrate II's w.s. s' € L(U)[#1]

for GY(U; @) to get the w.s. s for IT in G4 (U;@). Let
L

L D)VTH € L(U)[#4] (0,p) # s(Ty)}-

Ty = {positions p in G(U
Then for any legal position t of GA(U'; u),

t e Ty iff VI, € L(U)[#1] (0,t) # s*(T})
iff VT € L(D)[#4]) (T4; (0,1)) € Upeon Pa-

If (T3;(0,t)) is a legal position of G4(U;@), then by induction on a, P, N

. L g
(1y:(0,1)) is definable in L(U)[#1] from (wﬂfzw))]i < m). Therefore, Ty €

= (To;(1,—)). By Lemma 1.1.1,
st|e,, is a w.s. for G;l((j;ﬁ) and is definable in L(U, Ty) from wf(#%(U’TO)),

L(U)[#1]. Also, (1,—) = s'( ). Let py

Since U and Tj are coded by a real in L(U)[#1] and L(U)[#1] & “every
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real has a sharp,” #1(17,T0) exists. By Theorem 0.20, let s; € L(#l((j))
be a w.s. of II for A(U’,Tg;f[[). Let s(p) = s1(p) for any legal position p =
(2(0); 2(1); 2(2); ...; 2(2i)) of A(U;@) such that (2i + 1) € Ty. If we reach
a position Z(2ko + 1) which is not a legal position of A(ﬁ;ﬁ), then for any
position p which extends z(2ko + 1), define s(p) to be your favorite natural
number.

Otherwise, we reach a legal #(2ko + 1) & Ty of A(U; @). We have defined

s(x(0);2(2);...;2(27)) = x(25 + 1) for j < ko. (xiii)
Now we define s(x(0); z(2);...;x(24)) so that it is consistent with (xiii). Since
Z(2ko+1) & Ty, there exists T}, € L(U)[#1] such that s!(T}) = (0, z(2ko+1)).
Disregard (fo,to) = (1, —) and instead let (g,to) = s'(T3) = (0,Z(2ko + 1)).
Choose g € C7 so that there exists a position
p1 = (T5; (0, 2(2ko + 1)); 2(0), Ao; (1), A1)
consistent with s!. Define s(z(0)) to be x(1). Since x(1) must be consistent
with £g, the definition of s(z(0)) is consistent with (xiii). Let
Ty = {positions t; in G4(U; @, to, £(2))| VT| € L(U)[#1] (0,t1) # s (p} % (T)))}.

Then Ty € L(U)[#1] and (1, =) = s*(p}, * (T})). Let po = p} * (T1; (1, -)). By
Lemma 1.1.1, s'[£,, is a w.s. for G}, (U; @) and is definable in L(U,T}) from
(wiﬁl(ﬁ’ﬂ))\i — 0,1). Since U and T are coded by a real in L(U)[#4] and
L(U)[#1] & “every real has a sharp,” #1(U, T1) has indiscernibles. By The-

orem 0.20, there exists a w.s. s € L(#:(U,T1)) for AU, Ty:@,to,(2)). Let
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l

g

s(p) = s1(p) for any legal position p = (x(0);x(1); z(2);...;2(2i)) of A(U;w)
such that z(2i + 1) € T1.

In general, suppose for every i < n,

t; = Z(2k; + 1) is consistent with s,

2(2ki+1) € (N, U\ T3,

Vi< ki 2(2)) ¢ T,
and there exists 1§, 17,15, ...,T) _; such that for each i < n, there exists a
position
Pi((No;17 < i) = (T4 (0, t0); 2(0), A (1), X5 T4 (0, £1); 2(2), Ag; 2(3), A; ..

5 17540, 4))

consistent with s' and such that Vj < i X5, € C]. We define z(2n — 1) =
s(x(0); x(2); x(4);...;x(2n — 2)) by repeating the above argument with kg re-
placed by k,_1:

Choose a sequence (A3;|j < n) of elements from C] for which there
exists (\j|j < m) such that each Ay; = A3, and which is properly ordered
with respect to z(2n — 1) and (Ao < w - (m + 1)) using (wﬂf&%(ﬁ))\i <m,).
Since ﬁn_1(<)\§j_1\j < n — 1)) is consistent with s!, by Lemma 1.1.2 there
exists (A5, 1|7 < m — 1) such that p,1({(A\3;|j < n — 1)) is the position
consistent with s', where p,_1((A\5;]j < n — 1)) is the position obtained
from ]5(()\3]._1| j < m — 1)) by replacing each )\?_1 with A7.  Furthermore,

there exist x(2n — 1) and A3, _; such that the position p;, = p,((\5;|j <
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n—1))* (x(2n —2),\5 _o:x(2n — 1), A% ) is consistent with st. (If n = 0,
let p!, = ().) Let t,, = (t;]i < n) and

T,, = {positions t,, in GA(U; @, t,, 2(2n))|VT", € L(U)[#1] (0,t,) # s*(pl, *
(T3)) -

The position p,11 = pl, * (Tp,;(1,—)) is consistent with s!. By Lemma

is a w.s. for G (U;@) and is definable in L(U,T,) from

Pn+1 Pn41

1.1.1, st|e
<wl€£#1(ﬁ’Tn))\i < n). Since U and T}, are be coded by a real in L(U)[#1]
and L(U)[#1] = “every real has a sharp,” #,(U,T,) exists. By Theorem
0.20, there exists a w.s. s, € L(#(U,T,)) for A(U,T,;d,t,,z(2n)). Let
s(p) = sn(p) for any legal position p = (2(0); z(1); z(2);...;2(24)) of A(U; @)
such that 7(2i + 1) € T),.

If we reach a position such that

Z(2kn +1) & (<, Uj) \ T and Vi’ < 2k, 2(i") € T,, N (N, Uj),

J<n
then by the definition of T},, there exists T/, € L(U)[#1] such that the position
Pn((A5;15 <)) = py, + (155 (0, (2K, + 1))
is consistent with s and we repeat the above argument. If we reach a position
Z(k) such that Z(k) is not a legal position of A(U;@), then for any position p
which extends z(k), define s(p) to be your favorite natural number.

Claim: The strategy s of player II is w.s. for GA((j; ).

Let 2 be a play of G4(U:; @) consistent with s. We show that s is a win

for II.
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Suppose there is a least n such that Vi z(i) € T,,. By the definition of s,
x is consistent with the w.s. s,, for A(U',Tn; i, t,, %(2n)). Since s, is a w.s.
for I, & A(U; @) and z is a win for IT in A(U;@).

On the other hand, suppose for every n, there is a t,, = Z(k,) of least
length such that z(k,) ¢ T,. By the definition of s, for each n, obtain the
position p,((\5;]7 < n)) consistent with s' such that ¥i < n \3; € C1. By
Lemma 1.1.3, # ¢ D(U;@). Consequently, s is a w.s. in Ga(U;@) of the

1

player for whom s* is w.s. .
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